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Molecular dynamics study of replica symmetry in the vulcanization transition
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We report on computer simulations of the vulcanization transition of randomly crosslinked polymer melts.
We focus on the order parameter between different realizations of the same distribution of random crosslinks,
as well as the overlap distribution of these systems.@S1063-651X~99!17610-4#

PACS number~s!: 82.70.Gg, 64.60.Ak, 78.30.Ly
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I. INTRODUCTION

Vulcanization is a process by which a polymer melt
transformed from a liquid to an amorphous solid by the
dition of crosslinks. Although this transition has attract
attention for many years, only recently have the techniq
been developed to investigate some of the more interes
aspects of this problem. In particular, Goldbart and colla
rators@1,2# have developed a replica theory of this transiti
and have made a number of specific predictions.

Crosslinks, which are randomly distributed throughout
melt, permanently join two monomers. These crosslinks
not necessarily constrain the connected monomers to a
cific spatial location in the system, but rather the monom
must remain close to each other. The crosslinks are
fixed along the arclength of the polymers, but not fixed
space. When the density of crosslinks exceeds some cri
value, a fraction of the monomers becomes localized ab
mean positions and the melt solidifies. The critical crossl
density was estimated by theory and simulation to benc
'1 crosslinks per polymer.

The specification of the crosslink positions along t
backbone of the polymers does not uniquely define the
pology of the network. This can be seen by imagining
network of polymers where the crosslink points are well d
fined, but where there is no excluded volume restriction
the allowed configurations. All configurations consiste
with the crosslink points are allowed; polymers can p
through one another and thus loops and entanglements
continually reform. If excluded volume is imposed on th
system after a period of time, the polymer topology at t
instant is frozen into the system. It is clear that had the
cluded volume been imposed at a later time, the netw
would be frozen with a different topology. Thus, even with
given set of crosslink positions, the physical network h
available to it a wide variety of topologies. Each of the
systems with identical crosslink points but different topo
gies is known as a different replica of the same system.
introduction of a sufficient density of crosslinks, and the i
position of excluded volume, partitions phase space i
complex way. One level of partitioning is created by t
crosslinks, where each of the regions created is ergodic
explored by the network, in the absence of excluded volu
When physical dynamics is restored, each region is furt
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partitioned due to topological constraints. If the topologic
partitions, for a given crosslink realization, are related
translational symmetry, then there is a unique way for
system to solidify. In this instance, the excluded volume d
not destroy the ergodicity of each crosslink realization. O
erwise, the excluded volume partitions phase space into
joint regions not related by symmetry. There is then mo
than one way to solidify for a given realization of crosslink
and replica symmetry is broken@2#. This possibility is the
focus of the present work.

To measure the effect of topology we compare differe
replicasa,a8 of a polymer system. The microscopic deta
of the two replicas are identical, i.e., the same monomers
linked, but differ in topological entanglements. The overl
qaa8 is defined in the following way,

qaa85
1

N (
j 51

N
^eik•r j

a
&^e2 ik•r j

a8
& ~1!

wherer j
a is the position of thejth monomer in the statea,

the sum is over all the monomers in the systemN, and the
angle brackets are a time average over a molecular dyna
~MD! run. When the two states coincide (a5a8) thenqaa is
the self-overlap or order parameter which differentiates
liquid from amorphous solid phases, which we have stud
previously @3#. The theoretical predictions@1,2#, confirmed
by simulation, areqaa50 in the liquid phase, andqaa.0 in
the amorphous solid phase. Henceforth we concentrate
the latter case. WhenaÞa8 there are two ways that th
self-overlaps and the overlap can relate in the amorph
solid phase. Firstly, ifqaa5qa8a85qaa8, then the two rep-
licas are similar enough that the localized monomers fluc
ate to the same extent about the same mean positions in
replica which means that the topological differences have
measurable effect. A second possibility is thatqaa5qa8a8

Þqaa8, in which case the two phases aremacroscopically
identical but microscopically different. Finally, if qaa

Þqa8a8 then the two replicas are in observably differe
macroscopic phases.

To better understand the role of the overlap, we introdu
the probability distribution of the overlaps,
4528 © 1999 The American Physical Society
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P~q!5 (
a1a2

w1w2d~q2qa1a2! ~2!

where the sum is over all statesa1 ,a2 associated with a
particular crosslink realization andwi is the Boltzmann
weight of statei. In the liquid phase, the distributionP(q) is
a delta function at the origin, as with the high-temperat
paramagnetic phase of spin-glasses. In the amorphous
phase there are two possibilities for the distribution of
overlap. Firstly,P(q) may be a delta function at a non-ze
value ofq. This implies that all the states are related to ea
other by symmetry, and any differences which exist betw
the states are local and do not affect macroscopic quanti
such as the overlap. The second possibility is thatP(q) has
non-zero weight at a variety ofq, hence is not a single delt
function distribution. In the latter case, there are equilibriu
states which are not related by symmetry; there are a va
of ways to freeze, the system ceases to be ergodic and re
symmetry is broken. In a phantom network, Goldbart a
Zippelius@4# found that the replica approach applied to vu
canization showed no replica symmetry breaking. As d
cussed above, one mechanism to break this symmetry is
inclusion of excluded volume.

In a continuing investigation of vulcanization by molec
lar dynamics~MD! simulation, this paper focuses on the re
lica nature of the transition. As with previous work, we st
with an equilibrated polymer melt and create a fixed num
of crosslinks, randomly distributed throughout the melt.
explore the role that topology plays, several copies of a po
mer system with the same distribution of crosslinks but w
different topologies~i.e., different replicas!, are compared
The effect of the topologies on the order parameterq, as well
as the overlapqaa8 is calculated. Due to the quenched natu
of the disorder it is important to average over as many p
sible realizations of crosslink distribution as possible. Sin
this requires a large amount of computer time, we rest
ourselves to rather small systems consisting of at mosM
5200 polymers withN510 monomers orM5100 polymer
of lengthN520.

This paper is organized as follows. In Sec. II we revie
the simulation technique used in this work. Results a
analyses are presented in Sec. III, and Sec. IV conclu
with a discussion.

II. MODEL

The polymer model and simulation technique are
same as was used in previous work@3,5#, and are based on
polymer model extensively used by Kremer, Grest and
workers @6#. All particles in the system interact through
truncated Lennard-Jones potential

ULJ~r i j !5H 4eF S s

r i j
D 12

2S s

r i j
D 6

1
1

4G r i j ,21/6s

0 r i j >21/6s.

~3!

Adjacent monomers on a chain are tethered to each othe
the potential@7#
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Unn~r i j !5H 2
1

2
kR0

2 lnF12S r i j

R0
D 2G r i j ,R0

` r i j >R0 ,

~4!

where R051.5s and k530e/s2. With these parameters
chains can not pass through one another for reasonable
ues of the temperature.

Polymer melts were created and equilibrated by cons
energy molecular dynamics, with a mean temperat
kBT/e51, and densityrs350.8, wherer5NM/V, with V
the volume of the computational box. The equations of m
tion were integrated forward in time by a standard veloc
Verlet algorithm@8#, and periodic boundary conditions wer
used. For a given system, several different polymer m
were used. A second melt was created from the first by
ting the system evolve for at least 43105 integration steps,
with each time stepdt5.01Ams2/e.

Once the melt was obtained, a fixed number of crossli
per polymer,n, was imposed by randomly selecting pairs
monomers within a distance of 1.25s. If the monomers were
not previously linked to each other a crosslink was crea
by imposing the potential~4!. At this point four identical
copies of the system were created, and the monomers w
assigned different velocities in each copy. To change
topology, the parameterR0 was increased from 1.5s to 4.5s,
and the parameterk was lowered from 30e to 0.7e. This
choice of parameters allows polymers to pass through
another with little cost in energy. Using the Brownian d
namics routine outlined in@3#, the network was advanced fo
104 integration steps. During this time, the maximum near
neighbor distance increased from approximately 1.3s to
4.1s. This process ensured that the different copies co
have different entanglements. The parametersR0 , k were
then slowly returned to their original values, while the tem
perature was periodically quenched to zero. The differ
copies of the system were then in principle in different top
logical states.

With several copies of one crosslink realization in diffe
ent replicas, the production runs commenced. The temp
ture of the system was increased tokBT/e55, and the time
step lowered todt5.004Ams2/e, and the simulations were
constant energy MD. As discussed in@5# the increased tem
perature decreases the amount of running time neede
attain equilibrium. The equations of motion were integrat
forward in time for up to 3.63106 time steps.

The calculation of the self-overlap is discussed in detai
@3# but is briefly reviewed here. For each of the monomej
in the system we calculate the time average of the quan

qk
aa~ j ,t !5

1

t (
t851

t

eik–r j (t8), ~5!

where k5
2p

L
(nx ,ny ,nz), L is the length of a side of the

cubic computational box andni are integers. Due to compu
tational limitations, only the three smallest availablek vec-
tors were used, i.e.,@~100!, ~010!, ~001!#, and the results
were averaged. As discussed in@3,5# a series of partial time-
averages of the self-overlap was constructed
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qaa~n,t !5
1

3NM (
k

(
j

uqk
aa~ j ,t !u2. ~6!

The initial value of this function isqaa(n,1)51, but it de-
creases to its equilibrium value with increasingt. The ex-
trapolated long time value ofqaa(n,t5`) is found by fitting
q(n,t) to a function of the formqaa(n,t)5q01at21/2

1bt21.
The overlap between pairs of replicas is calculated by

qaa8~ t !5
1

3NM (
k

(
j

eik•r j
a(t)e2 ik•r j

a8(t). ~7!

The probability distribution of the overlap is defined as

P~q!5
1

t2t811
(
t8

t

d„q2qaa8~ t8!…. ~8!

At t851 the positions of the monomers in the two states
relatively correlated. After approximately 25000 integrati
steps the value ofqaa8(t) attained an equilibrium value
about which it fluctuated. The sum in~8! was only calculated
after qaa8(t) reached this equilibrium. The calculation o
this probability distribution is similar to the calculation of th
probability distribution used in the investigation of replic
symmetry in spin glasses@9,10#.

One method to determine the ergodicity of a system
been developed by Thirumalaiet al. @11#. These authors de
fine an energy metric

d~ t !5
1

N (
j

@ea, j~ t !2eb, j~ t !#2, ~9!

where

ea, j~ t !5
1

t E0

t

dt8Ea, j~ t8!, ~10!

andEa, j (t) is the total energy of particlej in statea at time
t. In the work of Ref.@11#, the statesa,b differed by the
initial configurations and velocities of the particles. It w
found that the functiond(t) decreased rapidly to zero for
liquid phase, whereas for a glassy phased(t) attained a pla-
teau, from which it decreased slowly. This plateau indica
the presence of energy barriers large enough to preven
two systems from sampling the same region of phase sp
For the present case it is straightforward to compared(t) for
two different replicasa,a8.

III. RESULTS

We report results for two different crosslink densities im
posed on each melt. The first crosslink density chosen
just above the critical density for the transition into the so
phasen1;nc51; the second density was well above t
transition,n2.nc , so that the systems were deep in the so
phase. The value of the crosslink density varied withM and
N, and based on previous results@3,5# it was chosen so tha
the values of the self-overlapqaa'0.1,0.3 forn1 ,n2 respec-
tively.
e
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he
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We begin with results for the self-overlap. When th
crosslink density is close to the transition the topolo
should have a greater role to play in the degree of local
tion, since two polymer clusters may be connected by
single loop in one replica while these clusters may be d
connected in another replica. Conversely, when there are
ficient crosslinks to ensure that the system is well into
solid phase, the value of the self-overlap is expected to be
less sensitive to the topology. As noted in previous work@3#,
the variation ofqaa for different crosslink realizations is
great. For this reason many different crosslink realizatio
are necessary. In this work, the systems withM510 mono-
mers per polymer had four to ten different realizations
crosslinks, and the system withM520 monomers had a
least five different crosslink realizations for each value ofn.
The crosslink densities chosen forn1 and n2 were for N
510, M5100, n151.15, n251.5; N510, M5200, n1
51.03, n251.3; and for N520, M5100, n151.05, n2
51.60. The average values of self-overlap are shown
Table I. The variation for the self-overlap is shown in Fig
1~a! and 2~a! for M5100 polymers of lengthN510, and in
Figs. 1~b! and 2~b! for M5200 polymers of the same length
From these data we see that there is some variation in
extrapolated value ofqaa for different replicas with the same
crosslink realization. Near the critical crosslink density, t
particular implementation of crosslinks~realization! has a
greater effect on the value of the self-overlap than the diff
ent replicas of a given crosslink implementation. This can
seen by examining how both the replicas and the realizat
affect the value of the self-overlap. The former gives info
mation on how only topological connections affectqaa for a
particular crosslink realization, while the latter gives info
mation on the variation ofqaa due to the many ways tha
crosslinks can be imposed on the system. To see how
topology affects the value of the self-overlap we examine
largest spread in self-overlap,Dqreplica

aa . For any one imple-
mentation of crosslinks the largest spread isDqreplica

aa 50.1 in
realizations 4 and 7 forM5100 polymers and in realization
4 for M5200 polymers, Figs. 1~a! and 1~b!, respectively. At
the higher crosslink density the spread in self-overlap fo
given realization is still large atDqreplica

aa 50.12 for M5100
andDqreplica

aa 50.08 for M5200, Fig. 2. This large spread i
the value of self-overlap for any given realization indicat
that even well into the solid phase the value ofqaa is highly
dependent on the topological entanglements.

The theoretical model of Goldbart and Goldenfeld@1#
raised the possibility that different replicas might be in d
ferent macroscopic phases, i.e.,qaaÞqa8a8. We note that in
the terminology of Ref.@1# the only possibilities considere
for the self-overlap were eitherqaa50 in the liquid state or
qaa.0 in the solid state. For the crosslink density close
the transitionn151.03 or 1.05 we find considerable variatio

TABLE I. Estimates of self-overlapqaa.

n1 n2

N510, M5100 0.12 0.34
N510, M5200 0.09 0.28
N520, M5100 0.05 0.34
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of the self-overlap but no evidence that some replicas ar
the liquid phase whereas others are in the solid phase, f
given realization. That is, the extrapolated value ofqaa for
each replica with aparticular crosslink distribution is either
always equal to zero, or always greater than zero. As Fi
shows, there is one realization in each of theN510 systems
whereqaa50 for each replica, indicating that in those pa
ticular crosslink realizations, the crosslinks were distribu
in such a way that these systems remained liquid. This s
ation occurs for crosslink densities near the transition an
a reflection of the random nature of the imposition of t
crosslinks. The conclusion that all the replicas are in eit
the liquid or solid phase is based on relatively few crossl
realizations, andn1 is still some distance from the transitio
point nc'1. Thus, these data do not eliminate the possibi

FIG. 1. Variation of the self-overlapqaa for different realiza-
tions of crosslinks at near the transition. Different symbols rep
sent different implementations of the crosslinks~realizations!. For a
given crosslink realization the values of theqaa are plotted verti-
cally for each of the four replicas. Part~a! is for the N510, M
5100 andn151.15 system for 8 realizations. Part~b! shows the
N510, M5200 and n151.03 system for 5 realizations. Wit
crosslink density close to the transition density, there is a w
variation in value of self-overlap.
in
r a

1

d
u-
is

r
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y

that different replicas may be in different macroscop
phases, but this would occur much closer to the criti
crosslink density.

The overlap probability distributionsP(qaa8) for n1 and
n2 are shown in Figs. 3 and 4, for all three systems stud
For each system, the probability distributions plotted are
average of all overlaps taken pairwise of all four replicas
all the realizations. The probability distributions are peak
at about the value of the self-overlap, but with weight a
variety of differentqaa8 values. From these figures, we no
that as the crosslink density increases, the distributions
come narrower. With so few systems, finite size effects
difficult to establish, but we remark that the width of th
distribution seems independent of system size. If the dis
butions became narrower with increasing system size, t
one could conclude that as systems became larger the o
lap distributions approach a delta function in the thermo
namic limit, indicating that replica symmetry is not broke
Since this is not the case, we conclude from this limited d
set that the broad distribution of the overlap is not a fin

-

e

FIG. 2. Same as Fig. 1 but for crosslink densityn251.3. This
crosslink density is farther into the solid phase.
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4532 PRE 60SANDRA BARSKY AND MICHAEL PLISCHKE
size effect, hence that replica symmetry is indeed broken
Another quantity of interest is the dependence of

value of self-overlap on the microscopic details of t
crosslink realization. The dependence of the value of
order parameter on microscopic realization is related to
notion of self-averaging. If the variance of an observa
quantity decreases to zero as a particular system increas
size, then that observable is self-averaging, otherwise the
servable is non-self-averaging. Recently, Marinariet al. @12#
argued that the signature of replica symmetry breaking

FIG. 3. The overlap distributionsP(qaa8) as a function ofqaa8

for all three systems studied at crosslink densityn151.15, 1.03,
1.05 for N510, M5100, 200,N520, M5100, respectively. The
peak of the distribution approaches the value of the self-overla
the systems increase in size but the width of the distribution s
large, indicating that the distributions remain broad with increas
system size.

FIG. 4. The same as Fig. 3 for all three systems studied
crosslink densityn251.5, 1.3, 1.6 forN510, M5100, 200,N
520, M5100, respectively.
e

e
e

e
s in
b-

s

the non-self-averaging of the order parameter. We comp
the average value of the self-overlap of the four replicas o
particular realization, which is denoted byqaa(Re). For
crosslink densities close to the transition, Fig. 1,
<qaa(Re)<0.18 for M5100 and 0<qaa(Re)<0.16 for
M5200, which is a significantly greater spread in se
overlap thanDqreplica

aa . The realizations close to the transitio
have a large variation inqaa, as has been noted in previou
work @3,5#. This dramatic variation inqaa is an effect of the
imposition of the same number of crosslinks randomly in
given system. When more crosslinks are imposed on the
tem the averages ofqaa(Re) for each realization are les
varied, 0.34<qaa(Re)<0.37 for M5100 and 0.26
<qaa(Re)<0.32 forM5200. By contrast the spread in th
values ofqreplica

aa remain about the same as more crosslin
are imposed as noted above. In this more crosslinked c
the difference in self-overlap between the replicas of a giv
realization is larger than for different realizations. Althoug
there are relatively few replicas and realizations of the s
tem, there is little evidence for self-averaging, but conclus
proof awaits a larger study.

The different replicas necessarily mean that not every p
ticle in one replica will access the same configuration sp
as its partner particle in a different replica. This means t
phase space is partitioned into different regions which
not accessible by each replica of a given crosslink distri
tion. A measure of this broken ergodicity is found in Eq.~9!.
The energy metric is shown in Fig. 5. The statesa,b of ~9!
are two different replicas of the same crosslink distributio
The functiond(t) decays rapidly to a relatively long-lived
plateau value, from which it decreases slowly. Different pa
of replicas had different values of the plateau, which rang
from about 0.05 to 0.4. The kinks in the plateau were see
a few but not all of the data sets, and likely correspond
rare events such as one or more polymers rearranging p

as
ys
g

at

FIG. 5. The energy metricd(t) reaches a plateau value for di
ferent replicas of a system ofN510, M5200 andn151.03. This
plateau indicates that there are energy barriers sufficient to pre
one replica from sampling the same phase space as another re
with the same realization of crosslinks.
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tion rapidly. There is no evidence that the plateaus deca
zero in the long time limit. Such behavior has been int
preted by the authors of@11# as evidence of broken ergodic
ity, something which we expect in this case. We note tha
the two statesa,b do not differ by topology, but by the
velocity assigned to each particle the functiond(t) quickly
decays to zero, and shows no evidence of a plateau@5#. This
occurs even well into the solid phase.

IV. DISCUSSION

In a continuing investigation of vulcanization of polyme
this work focused on the effect of topology on this transitio
In this work we have investigated the replica nature of
vulcanization transition. For a given crosslink distributio
the effect of topology on the self-overlap and overlap dis
bution was investigated. The self-overlap was measured
ing the order paramterq(t) and was found to vary for dif-
ferent replicas, although this variation decreased as
density of crosslinks was increased. This result is consis
ys
to
-

if

.
e

-
s-

e
nt

with the expectation that as more constraints are imposed
the polymers, the topological effects play less of a role in
determining the overall rigidity of the system.

The overlap distribution was measured by comparing
time averaged positions of monomers in different replic
The distributions were found to be non-degenerate, indic
ing that different replicas are in non-symmetry related ar
of phase space and that replica symmetry is broken. The
presented showed little finite-size effects, but the systems
relatively small with only a few replicas and crosslink rea
izations compared. Another test of replica symmetry bre
ing is the self-averaging of the order parameter. Although
systems studied here are quite small, there is no evide
that the order parameter self-averages. It remains to be
if these results are upheld with larger system sizes.
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