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Molecular dynamics study of replica symmetry in the vulcanization transition
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We report on computer simulations of the vulcanization transition of randomly crosslinked polymer melts.
We focus on the order parameter between different realizations of the same distribution of random crosslinks,
as well as the overlap distribution of these systel84063-651X99)17610-4

PACS numbes): 82.70.Gg, 64.60.Ak, 78.30.Ly

[. INTRODUCTION partitioned due to topological constraints. If the topological
partitions, for a given crosslink realization, are related by

Vulcanization is a process by which a polymer melt istranslational symmetry, then there is a unique way for the
transformed from a liquid to an amorphous solid by the ad-System to solidify. In this instance, the excluded volume does
dition of crosslinks. Although this transition has attractednot destroy the ergodicity of each crosslink realization. Oth-
attention for many years, only recently have the technique_@r_Wise, t_he excluded volume partitions phase space into dis-
been developed to investigate some of the more interestingint regions not related by symmetry. There is then more
aspects of this problem. In particular, Goldbart and collabothan one way to solidify for a given realization of crosslinks,
rators[1,2] have developed a replica theory of this transitionand replica symmetry is brokefi2]. This possibility is the
and have made a number of specific predictions. focus of the present work.

Crosslinks, which are randomly distributed throughout the TO measure the effect of topology we compare different
melt, permanently join two monomers. These crosslinks ddeplicasa,a’ of a polymer system. The microscopic details
not necessarily constrain the connected monomers to a spt the two replicas are identical, i.e., the same monomers are
cific spatial location in the system, but rather the monomerdnked, but differ in topological entanglements. The overlap
must remain close to each other. The crosslinks are thus“a' is defined in the following way,
fixed along the arclength of the polymers, but not fixed in
space. When the density of crosslinks exceeds some critical N
value, a fraction of the monomers becomes localized about wa! L erd ik
mean positions and the melt solidifies. The critical crosslink q _N1=1 (e )(e™™0) @
density was estimated by theory and simulation torke
~1 crosslinks per polymer.

The specification of the crosslink positions along thewherer]-“ is the position of thgth monomer in the state,
backbone of the polymers does not uniquely define the tothe sum is over all the monomers in the systafnand the
pology of the network. This can be seen by imagining aangle brackets are a time average over a molecular dynamics
network of polymers where the crosslink points are well de{MD) run. When the two states coincide € a') thenq®® is
fined, but where there is no excluded volume restriction ofthe self-overlap or order parameter which differentiates the
the allowed configurations. All configurations consistentliquid from amorphous solid phases, which we have studied
with the crosslink points are allowed; polymers can passreviously[3]. The theoretical predictiongl,2], confirmed
through one another and thus loops and entanglements c@y simulation, argi**=0 in the liquid phase, ang**>0 in
continually reform. If excluded volume is imposed on this the amorphous solid phase. Henceforth we concentrate on
system after a period of time, the polymer topology at thathe latter case. Whea# «’ there are two ways that the
instant is frozen into the system. It is clear_ that had the exself-overlaps and the overlap can relate in the amorphous
cluded volume be_en |m_posed at a later time, the nerorI§0|id phase. Firstly, iqaa:qa'a':qaa', then the two rep-
would be frozen with a different topology. Thus, even with @45 are similar enough that the localized monomers fluctu-

given set of crosslink positions, the physical network hasyg ¢4 the same extent about the same mean positions in each

available to it a wide variety of topologies. Each of these gpjica which means that the topological differences have no
systems with identical crosslink points but different topolo- ble effect. A d inility is tge=q® @
gies is known as a different replica of the same system. Thateasurable efiect. A second possibility 1S gt =q

introduction of a sufficient density of crosslinks, and the im-#d““ , in which case the two phases arecroscopically
position of excluded volume, partitions phase space in ddentical but microscopically different. Finally, if q**
complex way. One level of partitioning is created by the#q“'“' then the two replicas are in observably different
crosslinks, where each of the regions created is ergodicalljnacroscopic phases.

explored by the network, in the absence of excluded volume. To better understand the role of the overlap, we introduce
When physical dynamics is restored, each region is furthethe probability distribution of the overlaps,
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where the sum is over all states,«, associated with a
particular crosslink realization and; is the Boltzmann where Ry=1.50 and k=30e/c%. With these parameters,
weight of statd. In the liquid phase, the distributid®(q) is  chains can not pass through one another for reasonable val-
a delta function at the origin, as with the high-temperatureues of the temperature.
paramagnetic phase of spin-glasses. In the amorphous solid Polymer melts were created and equilibrated by constant
phase there are two possibilities for the distribution of theenergy molecular dynamics, with a mean temperature
overlap. Firstly,P(q) may be a delta function at a non-zero kgT/e=1, and densitypo®=0.8, wherep=NM/V, with V
value ofg. This implies that all the states are related to eachthe volume of the computational box. The equations of mo-
other by symmetry, and any differences which exist betweetion were integrated forward in time by a standard velocity
the states are local and do not affect macroscopic quantitie¥,erlet algorithm[8], and periodic boundary conditions were
such as the overlap. The second possibility is @) has used. For a given system, several different polymer melts
non-zero weight at a variety af, hence is not a single delta were used. A second melt was created from the first by let-
function distribution. In the latter case, there are equilibriumting the system evolve for at least4.0° integration steps,
states which are not related by symmetry; there are a varietyith each time stept=.01/mo?/e.
of ways to freeze, the system ceases to be ergodic and replica Once the melt was obtained, a fixed number of crosslinks
symmetry is broken. In a phantom network, Goldbart andper polymer,n, was imposed by randomly selecting pairs of
Zippelius[4] found that the replica approach applied to vul- monomers within a distance of 1.25If the monomers were
canization showed no replica symmetry breaking. As disnot previously linked to each other a crosslink was created
cussed above, one mechanism to break this symmetry is th®y imposing the potentia{4). At this point four identical
inclusion of excluded volume. copies of the system were created, and the monomers were
In a continuing investigation of vulcanization by molecu- assigned different velocities in each copy. To change the
lar dynamics(MD) simulation, this paper focuses on the rep-topology, the paramet®, was increased from 1¢5to 4.50,
lica nature of the transition. As with previous work, we startand the parametek was lowered from 38 to 0.7e. This
with an equilibrated polymer melt and create a fixed numbethoice of parameters allows polymers to pass through one
of crosslinks, randomly distributed throughout the melt. Toanother with little cost in energy. Using the Brownian dy-
explore the role that topology plays, several copies of a polynamics routine outlined if8], the network was advanced for
mer system with the same distribution of crosslinks but with10* integration steps. During this time, the maximum nearest
different topologies(i.e., different replicas are compared. neighbor distance increased from approximatelyol®
The effect of the topologies on the order paramegters well 4,15, This process ensured that the different copies could
as the overlag®®’ is calculated. Due to the quenched naturehave different entanglements. The paramefgs k were
of the disorder it is important to average over as many posthen slowly returned to their original values, while the tem-
sible realizations of crosslink distribution as possible. Sinceperature was periodically quenched to zero. The different
this requires a large amount of computer time, we restrictopies of the system were then in principle in different topo-
ourselves to rather small systems consisting of at nwst logical states.
=200 polymers witiN=10 monomers oM =100 polymer With several copies of one crosslink realization in differ-
of lengthN=20. ent replicas, the production runs commenced. The tempera-
This paper is organized as follows. In Sec. Il we reviewture of the system was increasedkigl/e=5, and the time
the simulation technique used in this work. Results andstep lowered tost=.004/ma?/ ¢, and the simulations were
analyses are presented in Sec. lll, and Sec. IV concludesonstant energy MD. As discussed[B) the increased tem-
with a discussion. perature decreases the amount of running time needed to
attain equilibrium. The equations of motion were integrated
forward in time for up to 3.& 1(° time steps.
Il. MODEL The calculation of the self-overlap is discussed in detail in

The polymer model and simulation technique are the{S] but is briefly reviewed here. For each of the mononjers
same as was used in previous wf85], and are based on a in the system we calculate the time average of the quantity

polymer model extensively used by Kremer, Grest and co- .

workers[6]. All particles in the system interact through a o 1 o (1"
truncated Lennard-Jones potential - (.V=7 tgl e'entt, ®)
o\ [o\® 1 176 2 . )
U s(ro) fl—] |\ +Z rj<2™o 3 wherek=T(nx,ny,nz), L is the length of a side of the
Lalrij) = ij ij

cubic computational box anal are integers. Due to compu-
tational limitations, only the three smallest availakleec-
tors were used, i.e[(100), (010, (001)], and the results
Adjacent monomers on a chain are tethered to each other byere averaged. As discussed $)5] a series of partial time-
the potential 7] averages of the self-overlap was constructed

0 rij>21/60'.
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The initial value of this function ig““(n,1)=1, but it de-
creases to its equilibrium value with increasingThe ex-
trapolated long time value @f*“(n,t=) is found by fitting
q(n,t) to a function of the formq**(n,t)=qo+at 2
+bt™ 1.
The overlap between pairs of replicas is calculated by

1

qaa'(t): 3NV ; 2 eik-l’f(t)efikwja (t) (7)

The probability distribution of the overlap is defined as

1 ! ,
P(q)=——— >, 8(@—q*'(t")). (8)
t!

t—t'+1
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TABLE |. Estimates of self-overlag“®.

ng n;
N=10, M=100 0.12 0.34
N=10, M =200 0.09 0.28
N=20,M=100 0.05 0.34

We begin with results for the self-overlap. When the
crosslink density is close to the transition the topology
should have a greater role to play in the degree of localiza-
tion, since two polymer clusters may be connected by a
single loop in one replica while these clusters may be dis-
connected in another replica. Conversely, when there are suf-
ficient crosslinks to ensure that the system is well into the
solid phase, the value of the self-overlap is expected to be far
less sensitive to the topology. As noted in previous W&k
the variation ofq“® for different crosslink realizations is

At t' =1 the positions of the monomers in the two states ar@reat. For this reason many different crosslink realizations
relatively correlated. After approximately 25000 integration@re necessary. In this work, the systems wiith=10 mono-

steps the value ofj*®'(t) attained an equilibrium value
about which it fluctuated. The sum {8) was only calculated

after q““'(t) reached this equilibrium. The calculation of
this probability distribution is similar to the calculation of the
probability distribution used in the investigation of replica

symmetry in spin glass€9,10].

One method to determine the ergodicity of a system ha%

been developed by Thirumalat al. [11]. These authors de-
fine an energy metric

1
d(t)= = [€a;(D)—e€g;(D1% 9)
N5

where
17t
cuy0= ] aEL 1, 10

andE, j(t) is the total energy of particlgin state« at time
t. In the work of Ref.[11], the statesy, 3 differed by the

mers per polymer had four to ten different realizations of
crosslinks, and the system withl =20 monomers had at
least five different crosslink realizations for each valuan.of
The crosslink densities chosen fag and n, were for N
=10, M=100, n,;=1.15, n,=1.5; N=10, M=200, n;
=1.03, n,=1.3; and for N=20, M=100, n;=1.05, n,
=1.60. The average values of self-overlap are shown in
able 1. The variation for the self-overlap is shown in Figs.
1(a) and 2a) for M =100 polymers of lengtiN=10, and in
Figs. Ab) and 2Zb) for M =200 polymers of the same length.
From these data we see that there is some variation in the
extrapolated value af““ for different replicas with the same
crosslink realization. Near the critical crosslink density, the
particular implementation of crosslinksealization has a
greater effect on the value of the self-overlap than the differ-
ent replicas of a given crosslink implementation. This can be
seen by examining how both the replicas and the realizations
affect the value of the self-overlap. The former gives infor-
mation on how only topological connections affgct for a
particular crosslink realization, while the latter gives infor-
mation on the variation 0f““ due to the many ways that

initial configurations and velocities of the particles. It was ¢yosslinks can be imposed on the system. To see how the

found that the functiord(t) decreased rapidly to zero for a onojogy affects the value of the self-overlap we examine the

liquid phase, whereas for a glassy phag¢g) attained a pla-  |argest spread in self-overlapgrepica- FOr any one imple-

teau, from which it decrease_d slowly. This plateau '”d'cateqnentation of crosslinks the largest spread tfgpjic;= 0.1 in
the presence of energy barriers large enough to prevent tq%

two systems from sampling the same region of phase spacg.

For the present case it is straightforward to compuKit¢ for
two different replicasy, o’

Ill. RESULTS

alizations 4 and 7 fol =100 polymers and in realization
for M =200 polymers, Figs.(®) and Xb), respectively. At
the higher crosslink density the spread in self-overlap for a
given realization is still large ahqygpjic.=0.12 for M =100
and AQrepjica= 0.08 for M =200, Fig. 2. This large spread in

the value of self-overlap for any given realization indicates

We report results for two different crosslink densities im- that even well into the solid phase the valueg6f is highly
posed on each melt. The first crosslink density chosen wadependent on the topological entanglements.
just above the critical density for the transition into the solid ~The theoretical model of Goldbart and Goldenfé¢ld
phasen;~n.=1; the second density was well above theraised the possibility that different replicas might be in dif-
transition,n,>n,, so that the systems were deep in the solidferent macroscopic phases, i.@%"# q“'“'. We note that in

phase. The value of the crosslink density varied wWwittand

the terminology of Ref[1] the only possibilities considered

N, and based on previous resul&5] it was chosen so that for the self-overlap were eithe**=0 in the liquid state or

the values of the self-overlagf“~0.1,0.3 forn,,n, respec-
tively.

g**>0 in the solid state. For the crosslink density close to
the transitiom;=1.03 or 1.05 we find considerable variation
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FIG. 1. Variation of the self-overlap** for different realiza-
tions of crosslinks at near the transition. Different symbols repre- FIG. 2. Same as Fig. 1 but for crosslink dengity=1.3. This
sent different implementations of the crosslirfksalizations. For a  crosslink density is farther into the solid phase.
given crosslink realization the values of thé“ are plotted verti-
cally for each of the four replicas. Paf@) is for the N=10, M
=100 andn;=1.15 system for 8 realizations. P4l shows the
N=10, M=200 andn;=1.03 system for 5 realizations. With

that different replicas may be in different macroscopic
phases, but this would occur much closer to the critical

. . i . - . crosslink density.
crosslink density close to the transition density, there is a wide y

variation in value of self-overlap. The overlap probability distributionB(q**") for n; and

n, are shown in Figs. 3 and 4, for all three systems studied.
of the self-overlap but no evidence that some replicas are iffor each system, the probability distributions plotted are the
the liquid phase whereas others are in the solid phase, for @erage of all overlaps taken pairwise of all four replicas for
given realization. That is, the extrapolated valueq6f for all the realizations. The probability distributions are peaked
each replica with garticular crosslink distribution is either ~at about the value of the self-overlap, but with weight at a
always equal to zero, or always greater than zero. As Fig. Yariety of differentq®®’ values. From these figures, we note
shows, there is one realization in each of Mwe 10 systems that as the crosslink density increases, the distributions be-
whereq**=0 for each replica, indicating that in those par- come narrower. With so few systems, finite size effects are
ticular crosslink realizations, the crosslinks were distributedifficult to establish, but we remark that the width of the
in such a way that these systems remained liquid. This situdistribution seems independent of system size. If the distri-
ation occurs for crosslink densities near the transition and ibutions became narrower with increasing system size, then
a reflection of the random nature of the imposition of theone could conclude that as systems became larger the over-
crosslinks. The conclusion that all the replicas are in eithetap distributions approach a delta function in the thermody-
the liquid or solid phase is based on relatively few crosslinknamic limit, indicating that replica symmetry is not broken.
realizations, anah; is still some distance from the transition Since this is not the case, we conclude from this limited data
pointn.~1. Thus, these data do not eliminate the possibilityset that the broad distribution of the overlap is not a finite
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FIG. 3. The overlap distributionB(q**") as a function of;**’

for all three systems studied at crosslink density=1.15, 1.03, FIG. 5. The energy metrid(t) reaches a plateau value for dif-
1.05 forN=10, M = 100, 200,N=20, M =100, respectively. The ferent replicas of a system &f=10, M =200 andn;=1.03. This
peak of the distribution approaches the value of the self-overlap aBlateau indicates that there are energy barriers sufficient to prevent
the systems increase in size but the width of the distribution stay§ne replica from sampling the same phase space as another replica
large, indicating that the distributions remain broad with increasingVith the same realization of crosslinks.
system size.
the non-self-averaging of the order parameter. We compute
the average value of the self-overlap of the four replicas of a

Another quantity of interest is the dependence of theP@rticular realization, which is denoted ly™(Re). For
value of self-overlap on the microscopic details of theCrosslink densities close to the transition, Fig. 1, 0
crosslink realization. The dependence of the value of the=d"" (R€)=<0.18 for M=100 and 6<q““(R€)=<0.16 for
order parameter on microscopic realization is related to th! =200, which is a significantly greater spread in self-
notion of self-averaging. If the variance of an observablefVeriap thamggc,. The realizations close to the transition
quantity decreases to zero as a particular system increaseshave a large variation l_ﬂ’m, gs'has' beep noted in previous
size, then that observable is self-averaging, otherwise the ook [3,5]. This dramatic variation ig““ is an effect of the
servable is non-self-averaging. Recently, Marirgral. [12] imposition of the same number of crosslinks randomly in a

argued that the signature of replica symmetry breaking wa§iven system. When more crosslinks are imposed on the sys-
tem the averages af*“(Re) for each realization are less

varied, 0.34<q““(Re)<0.37 for M=100 and 0.26
=(q**(Re)=<0.32 forM =200. By contrast the spread in the
values ofqrgpica remain about the same as more crosslinks
are imposed as noted above. In this more crosslinked case,
the difference in self-overlap between the replicas of a given
realization is larger than for different realizations. Although
there are relatively few replicas and realizations of the sys-
tem, there is little evidence for self-averaging, but conclusive
proof awaits a larger study.

The different replicas necessarily mean that not every par-
i ticle in one replica will access the same configuration space
as its partner particle in a different replica. This means that
i phase space is partitioned into different regions which are
not accessible by each replica of a given crosslink distribu-
] tion. A measure of this broken ergodicity is found in E9).
The energy metric is shown in Fig. 5. The state® of (9)
are two different replicas of the same crosslink distribution.
05  The functiond(t) decays rapidly to a relatively long-lived
oo plateau value, from which it decreases slowly. Different pairs

of replicas had different values of the plateau, which ranged

FIG. 4. The same as Fig. 3 for all three systems studied afrom about 0.05 to 0.4. The kinks in the plateau were seen in
crosslink densityn,=1.5, 1.3, 1.6 forN=10, M =100, 200,N a few but not all of the data sets, and likely correspond to
=20, M =100, respectively. rare events such as one or more polymers rearranging posi-

size effect, hence that replica symmetry is indeed broken.

P(q**)
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tion rapidly. There is no evidence that the plateaus decay twith the expectation that as more constraints are imposed on

zero in the long time limit. Such behavior has been inter-the polymers, the topological effects play less of a role in the
preted by the authors ¢11] as evidence of broken ergodic- determining the overall rigidity of the system.
ity, something which we expect in this case. We note that if The overlap distribution was measured by comparing the
the two statesw,8 do not differ by topology, but by the time averaged positions of monomers in different replicas.

velocity assigned to each particle the functidft) quickly = The distributions were found to be non-degenerate, indicat-

decays to zero, and shows no evidence of a pldthdhis  ing that different replicas are in non-symmetry related areas

occurs even well into the solid phase. of phase space and that replica symmetry is broken. The data
presented showed little finite-size effects, but the systems are

IV. DISCUSSION relatively small with only a few replicas and crosslink real-
o o o izations compared. Another test of replica symmetry break-
In a continuing investigation of vulcanization of polymers jng is the self-averaging of the order parameter. Although the

this work focused on the effect of topology on this transition.systems studied here are quite small, there is no evidence
In this work we have investigated the replica nature of thehat the order parameter self-averages. It remains to be seen

vulcanization transition. For a given crosslink distribution if these results are upheld with larger system sizes.
the effect of topology on the self-overlap and overlap distri-
bution was investigated. The self-overlap was measured us-
ing the order paramteg(t) and was found to vary for dif-
ferent replicas, although this variation decreased as the We are grateful to K. Fleming for help with the data
density of crosslinks was increased. This result is consister@nalysis.
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